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Vibrations and Buckling of Cross-Ply Nonsymmetric
Laminated Composite Beams

H. Abramovich,* M. Eisenberger,’ and O. Shulepov*
Technion—Israel Institute of Technology, Haifa 32000, Israel

The exact element method was applied to calculate the natural frequencies, the buckling loads, and the influence
of the axial load on the natural frequencies and mode shapes of nonsymmetric laminated composite beams. The
theoretical model is using a first-order shear deformation theory and includes the effects of rotary inertia, shear
deformation, and coupling between the longitudinal and transverse displacements. A parametric study was per-
formed to investigate the influence of boundary conditions, materials and layup sequence on the buckling loads
and natural frequencies of rectangular, cross-ply laminated composite beams.

Introduction

ATERAL vibrations of beams under axial compression have

wide applications in the aerospace, civil, and mechanical in-
dustries. It is well known that a compressive axial load will tend to
decrease all of the bending natural frequencies of a beam, whereas
a tensile axial load will increase them. Composite materials are
ideal for these structural applications due to their high strength-
to-weight and stiffness-to-weight ratios. The classical lamination
theory usually used to calculate buckling loads and natural frequen-
cies of laminated composite beams can not accurately predict their
behavior, because it neglects the influence of the shear deformation. !
Therefore, a first-order deformation theory based on the Timoshenko
beam theory,? that assumes a constant distribution of the shear stress
through the thickness of the whole beam is applied to overcome the
drawbacks of the classical lamination theory. For cross-ply lam-
inated composite beams the first-order shear deformation theory
would yield accurate results such as those predicted by higher order
theories.? Usually the solution for the buckling loads or for the nat-
ural frequencies of a laminated composite beam is obtained either
using the finite element approach or the direct method that decou-
ples the equations of motion of the beam. An alternative and very
effective approach is the exact element method.*> The exact element
method uses the exact shape functions of the beam that are repre-
sented by converging infinite series. Using these shape functions, the
solution can be obtained with any desired accuracy yielding the exact
one. Natural frequencies, buckling loads, and their respective mode
shapes can be calculated and plotted, using the dynamic stiffness
matrix for any desired set of boundary conditions and assembly of
elements. The calculated values of the natural frequencies are those
values of frequencies that would cause the dynamic stiffness matrix
to become singular. The static behavior, yielding the buckling load,
can be calculated by the vanishing of the first natural frequency. The
lowest value which would cause the stiffness determinant to vanish
would be the buckling load. Very few works in the literature? deal
with the influence of compressive axial loads on the natural frequen-
cies of laminated composite beams, using adequate theories. One
of these studies is a recent work® that uses the finite element ap-
proach based on a shear deformation theory (Timoshenko beam) to
predict the buckling loads and natural frequencies of axially loaded
aluminum and graphite-epoxy beams having only two boundary
conditions, pinned-pinned and fixed-fixed, and various lengths.
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Moreover, the introduction of nonsymmetric laminates would in-
duce a coupling between the axial and lateral motions of the beam
causing new significant effects, which are worthwhile to investigate.
To the best of our knowledge this topic has not been covered in the
literature. Therefore, it is the aim of the present study to use the exact
element method, based on a first-order shear deformation theory to
predict the stability, the natural frequencies, and their correspond-
ing respective modes and to investigate the interaction occurring in
nonsymmetric cross-ply laminated composite beams. The influence
of the longitudinal and transverse restraints, materials, and layup se-
quence on the buckling loads and natural frequencies of rectangular
composite beams will be investigated.

Analytical Formulation
The coupled equations of motion for the total lateral deflection
w, axial displacement #, and rotation ¢ of the cross section of a
rectangular laminated cross-ply composite beam, axially loaded,
having constant properties along its length can be shown to be’-*
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where & and c are the height and width of the beam, respectively, k
is the shear correction coefficient (taken as 2), Q1 and Qss are the
stiffness coefficients (see Ref. 7), p is the mass density of the beam
material, and P is the axial compressive load. The value of k = %
was chosen in order to compare with available results in the litera-
ture, although for better results k£ should be calculated for each layup.
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The following are the boundary conditions associated with the
problem:

J e}
A”(—i{-*- ”(—?—P or u=20
G} ax
3
as(043) P =0 o w-0 O
ox ax
J J
B“z—anﬁ—O or ¢=O
J dx

which can be imposed at the beam boundaries x = 0, L.

One should note that in the derivations of Egs. (1-3) it was
assumed a priori that the y-direction (perpendicular to the beam
axis x) strains vanish, leading to the neglect of the Poisson effect.
The consistent four coupled equations of motion of generally lay-
ered composite beams as developed by Krishnaswamy et al.® and
Teboub and Hajela,'® however, collapse into three coupled equations
[Eqgs. (1-3)] only for the case of cross-ply laminated beams (see
Ref. 9), which s the subject of the present work. Therefore, although
Egs. (1-3) are similar to the equations of motion of a laminated plate
undergoing cylindrical bending, they correctly represent the behav-
ior of a cross-ply laminated beam and can be used to predict buckling
loads and natural frequencies (see Ref. 9).

Exact Element Method

A detailed review and application of the exact element method
can be found in Ref. 4. In what follows, only the essential steps of
the method will be highlighted.

For harmonic vibrations, the equations of motion for laminated
beams read

d?u &
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For symmetrically laminated beams, B;; = I, = 0, and the equa-
tions reduce to
d%u
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Here we see that the first equation is uncoupled from the other
two. These are coupled and are similar to the equations for the
Timoshenko beam model that includes the effect of shear deforma-
tions and rotary inertia.

If we normalize Egs. (8-10) using the relation § = x/L, and
choose for the solution the following polynomial series:

u = Zu,f" (14)
i=0

w= Zw,{i (15)
i=0

b= Z fiE (16)
i=0

substitution of these expressions and their derivatives in the differ-
ential equations yields
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Equating terms with the same power of £ in these equations, we
arrive at the following recurrence formulas for u; 1o, w; 3, and fiy:
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and we have all of the u;, w;, and f; coefficients except for the
first two that should be found using the boundary conditions. The
terms for u;.2, w;i2, and fj.o converge to 0 as i — oo. For this
case we choose as degrees of freedom in the formulation, the axial
displacement, the lateral deflection, and the flexural rotation at the
two ends of the beam element. At £ = 0 we have

upy = u(0) (24)
wo = w(0) (25)
fo= f(0) (26)

so that the first three terms are readily known from the boundary
conditions. The terms u, wy, and f; are found as follows. All of the
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u;, w;i, and f; are linearly dependent on the first two in each series,
and we can write

u(l) = Ciug + Couy + Cawy + Caw; + Cs fo + Cs 1 (27)

w(l) = Couy + Cguy + Cowy + Crowy + Cri fo + Cra fi (28)
F() = Ciaug + Cyu; + Ciswo + Crewy + Cr7 fo + Cig f1 (29)

The 18 coefficients C are functions of the axial, shear, and flexu-
ral stiffness of the element. C,, for example, is the value of u(1)
when uy=1 and u; =wy=w, = fy= fi =0 calculated from Egs.
(14-16) using the recurrence formulas in Egs. (20-22). The num-
ber of terms that are used is determined for each case accord-
ing to a preset criteria: it could be until the contribution of the
next element in the series is less than an arbitrary small ¢ (in
most of the cases ¢ was chosen as 107'%) or until the C; values
[Egs. (27-29)] converge completely (for the accuracy of the com-
puter). For each of the 18 coefficients C;, the number of terms may
be different depending on the parameters of the problem. For the
derivation of the stiffness matrix, we have to apply unit displacement
or rotation at each of the six degrees of freedom for the element,
one at a time and calculate all of the terms in the series for u, w, and
¢ using the recurrence formulas. Then the axial force, shear force,
and the bending moment at the two ends of the element (£ = 0 and
& = 1) will be the stiffnesses for the member.

Thus, there are six sets of boundary conditions as follows.

Set 1:
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Corresponding to these six sets there are six solutions: U;; i =
1,6 foru(¢), Wi = 1,6 for w(§), and F;; i = 1,6 for f(§) that
are found using Eqs. (24-26) and (27-29). These are the dynamic
shape functions for the laminated beam model as these are frequency
dependent. Then, the holding actions, i.e., stiffnesses, are
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The natural frequencies of vibration for the member are the values
of w that cause the dynamic stiffness matrix for the element to
become singular. Vanishing of the first natural frequency would
yield the buckling load. A simple search routine is applied to find

D oo}
S6.0)= —5 ) _kFiu+ (35)

= |

u©0) = 1; w(©0) = £(0) =u(l) =w(l) = f(1) =0 these values up to the desired accuracy.
Set 2: Numerical Results and Discussion
’ Based on the formulation of the problem presented in the pre-
w(©) = 1; w0 = fO) =ul) =w(l)=f(1)=0 ceding section, buckling loads, natural frequencies, and their inter-
action were computed using the exact element method for several
Set 3: boundary conditions, materials, number of layers, and stacking se-
quences and are presented in the form of tables and figures. Table 1
FO) =1; @ =w® =u)=wl)=f1)=0 presents the mechanical properties of the materials used for the
present calculations. The influence of the end conditions, both lon-
Set 4: gitudinal (movable or immovable ends) and transverse restraints, as
well as the influence of the number of layers and its sequence on
u() =1; u0) =w@ = fO) =wl)=f(1)=0 the buckling load A is presented in Table 2 for Keviar®—epoxy and
in Table 3 for glass—epoxy and carbon—epoxy. Table 2 presents also
Set 5: a comparison with the exact results of Ref. 8 yielding very good
agreement. Note that the exact results of Ref. 8 are also numerical
w(l) =1; u(@ =w®0 = fO) =u(l)= f(1)=0 ones, with a finite accuracy. Therefore, the small deviations can be
attributed to the accuracy of Ref. 8. As expected, and this holds
Set 6: true for all of the three materials, for symmetrical layup (0/90/0 deg
or 0/90/90/0 deg) the longitudinal displacement u does not influ-
f(H=1; u(0) = w0 = fO) =u(l) =w(l) =0 ence the buckling parameter A, with the clamped-clamped boundary
Table 1 Mechanical properties
Material Ej, kg/mm?  Exn,kg/mm? Gy, kg/mm? vi2 O11, kgimm? Oy, kg/mm? Oy, kg/mm? Qg kg/mm?
Kevlar—epoxy 5530 370 94.8 0.340 5573 {26.8 372.9 94.8
Glass—epoxy 5493 1830 380.0 0.250 5609 467.2 1869.0 880.0
Carbon-epoxy 13,020 601 280.7 0.314 13,080 189.6 603.7 280.7
Table 2 Nondimensional buckling loads,® A = PL? /D11
P-P H-H C-C C-p C-H C-F
pinned-pinned hinged-hinged clamped—clamped clamped—pinned clamped-hinged clamped—free
(immovable ends, (movable ends, {movable and (immovable ends, (movable ends, (immovable ends,
No. of u = 0) u #0) immovable) u=0) u #0) u=0)
layers, deg Present Ref. 8 Present  Ref.8  Present Ref. 8 Present Ref. 8 Present Ref. 8 Present Ref. 8
[0/90] 7.754 7.765 4.205 4222 16.794 16.859 10.129 10.157 8.597 8.631 1.052 ——
[0/90/0] 9.846 9.843 9.846 9.843 39.109 39.214 20.084 20.104 20.084 20.104 2.466 e
[0/90]2 9.551 9.550 8.445 8.444 33.666 33.663 17.688 17.681 17.252 17.250 2.113 —
[0/90/90/0] 9.848 — 9.848 —_— 39.140 ——— 20.093 —_— 20.093 _ 2.467 —_
[0/90]3 9.731 9.729 9.229 9.228 36.782 36.772 19.048 19.040 18.852 18.847 2.309 e

3Kevlar-epoxy, L/r = 500,k = 5/6, G13 = Go3 = 108 kgz’mmz, ¢ =1mm.
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Table 3 Nondimensional buckling loads, A = pL? /D1
P-p H-H C-C C-P C-H C-F
No. of Glass—  Carbon—-  Glass~  Carbon-  Glass—  Carbon—  Glass—  Carbon—  Glass—  Carbon-  Glass—~  Carbon-
layers, deg epoxy?  epoxy®  epoxy®  epoxy?  epoxy®?  epoxy?  epoxy®  epoxy®  epoxy®  epoxy®  epoxy*  epoxy’
[0/90] 9.449 737 8.016 3.715 32.052 14.842 16.965 9.207 16.397 7.596 2.004 0.929
[0/90/0] 9.867 9.851 9.867 9.851 39.438 39.185 20.179 20.106 20.179 20.106 2.467 2.466
[0/90], 9.776 9.523 9.405 8.324 37.601 33211 19.381 17.484 19.236 17.011 2.352 2.082
[0/90/90/0] 9.868 9.852 9.868 9.853 39.440 39.210 20.180 20.113 20.180 20.113 2.468 2.467
[0/90}3 9.828 9.722 9.662 9.177 38.629 36.605 19.827 18.965 19.762 18.752 2.416 2.296
3L/R = 500,k = 5/6, G13 = Gp3 = 1003.2 kg/mm?, ¢ = 1 mm.
PL/R =500, k = 5/6, G13 = G3 = 319.0 kg/mm?, ¢ = 1 mm.
Table4 First three natural frequencies, in hertz, Kevlar-epoxy?®
No. of layers, deg Mode no. P-P H-H c-C C-p C-H C-F
[0/90] 1 0.1491 0.1091 0.2471 0.1834 0.1704 0.0389
2 0.4360 0.4360 0.6799 0.5648 0.5514 0.2434
3 1.0305 0.9794 1.3297 1.1619 1.1482 0.6807
[0/90/0] 1 0.2246 0.2246 0.5068 0.3502 0.3502 0.0801
2 0.8953 0.8953 1.3872 1.1288 1.1288 0.5001
3 2.0025 2.0025 2.6948 23376 2.3376 1.3928
[0/90], 1 0.1645 0.1546 0.3497 0.2440 0.2413 0.0551
2 0.6174 0.6174 0.9608 0.7826 0.7800 0.3448
3 1.3953 1.3852 1.8751 1.6240 1.6215 0.9628
[0/90/90/0] 1 0.2149 0.2149 0.4850 0.3350 0.3350 0.0766
2 0.8567 0.8567 1.3283 1.0801 1.0801 0.4785
3 1.9172 1.9172 2.5824 2.2390 2.2390 1.3333
[0/90]3 1 0.1660 0.1617 0.3656 02534 02523 0.0576
2 0.6454 0.6454 1.0039 0.8163 0.8152 0.3604
3 1.4519 1.4475 1.9586 1.6952 1.6941 1.0062
ar/r =500,k = 5/6, Gi3 = G23 = 108 kg/mm?, ¢ = 1 mm.
Table 5 First three natural frequencies, in hertz, glass—epoxy?
No. of layers, deg Mode no. P-P H-H c-C C-p C-H C-F
{0/90] 1 0.1364 0.1256 0.2847 0.1992 0.1962 0.0448
2 0.5023 0.5023 0.7842 0.6384 0.6355 0.2804
3 1.1410 1.1295 1.5364 1.3281 1.3252 0.7847
[0/90/0] 1 0.1686 0.1686 0.3819 0.2633 0.2633 0.0600
2 0.6739 0.6739 1.0518 0.8526 0.8526 0.3762
3 1.5152 1.5152 2.0597 1.7772 1.7772 1.0526
[0/901, 1 0.1387 0.1361 0.3083 0.2132 0.2125 0.0485
2 0.5440 0.5440 0.8494 0.6890 0.6883 0.3037
3 1.2261 1.2234 1.6638 1.4359 1.4352 0.8499
[0/90/90/0} 1 0.1634 0.1634 0.3703 0.2552 0.2552 0.0582
2 0.6534 0.6534 1.0198 0.8266 0.8266 0.3647
3 1.4691 1.4691 1.9971 1.7231 1.7231 1.0205
{0/90]3 1 0.1391 0.1379 03125 0.2157 0.2154 0.0491
2 0.5514 0.5514 0.8609 0.6980 0.6977 0.3078
3 1.2412 1.2400 1.6863 1.4550 1.4547 0.8614
AL/R =500, k = 5/6, G13 = Go3 = 1003.2 kg/mm?, ¢ = 1 mm.

conditions yielding the highest value followed by clamped-hinged
(or clamped-pinned), hinged-hinged (or pinned-pinned) and
clamped free.

The constraint of the longitudinal movement ¥ has a major
influence on the buckling parameter for nonsymmetric layup.
Simply supported boundary conditions with immovable ends
[pinned—pinned (P-P) in Tables 2 and 3] yield higher buckling loads
as compared to movable ends [hinged-hinged, (H-H)], with the dif-
ference being the highest for the 0/90 deg configuration. Increasing
the number of layers would yield only a minor difference. One
should note that the total height of the beam, &, was kept con-
stant while varying the number of layers for all of the compar-
isons presented throughout the paper. For the clamped-clamped
ends [(C-C) in Tables 2 and 3] the nondimensional buckling load
A is not influenced by the longitudinal restraint. A mixed boundary
condition, like clamped—pinned [(C-P) in Tables 2 and 3] having im-
movable longitudinal ends would yield higher buckling loads than
the clamped-hinged [(C-H) in Tables 2 and 3] boundary conditions

(movable longitudinal ends). The glass—epoxy material seems to
be the less sensitive to in-plane boundary conditions, whereas the
other two materials, Kevlar— and carbon—-epoxy exhibit noticeable
differences for restraining the axial movement.

Increasing the number of layers, while keeping the total height
of the beam 4 and the layup sequence constant, would increase the
value of A, with only a slight change for glass—epoxy with P-P or
H-H boundary conditions (Table 3) as compared to Kevlar—epoxy
and carbon—epoxy (Tables 2 and 3). Comparing symmetrical layup
(0/90/90/0 deg) with a nonsymmetric one ([0/90], deg) for beams
having the same geometrical dimensions shows a clear advantage
for the symmetric configuration (for buckling loads), for all of the
boundary conditions considered in the present study.

A similar parametric study was performed for the natural fre-
quencies of laminated composite beams. The first three natural
frequencies, calculated according to the exact element method, are
presented in Tables 4-6 for Kevlar—epoxy, glass—epoxy, and carbon—
epoxy, respectively. No comparison was made with other references
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Table 6 First three natural frequencies, in hertz, carbon-epoxy?®

No. of layers, deg Mode no. P-P H-H C-C C-P C-H C-F
{07901 1 0.2094 0.1474 0.3338 0.2510 0.2302 0.0525
2 0.5891 0.5891 0.9191 0.7669 0.7452 0.3289
3 1.4062 1.3238 1.7987 1.5750 1.5525 0.9199
[0/90/0] 1 0.3259 0.3259 0.7361 0.5083 0.5083 0.1162
2 1.3000 1.3000 2.0177 1.6404 1.6404 0.7261
3 29112 29112 3.9267 3.4020 3.4020 2.0243
[0/90], 1 0.2360 0.2206 0.4993 0.3486 0.3444 0.0786
2 0.8813 0.8813 1.3726 1.1179 1.1138 0.4920
3 1.9944 1.9784 2.6815 23213 2.3173 1.3749
[0/90/90/01 1 0.3115 0.3115 0.7036 0.4858 0.4858 0.1110
2 1.2426 1.2426 1.9296 1.5684 1.5684 0.6940
3 2.7838 2.7838 37577 3.2543 3.2543 1.9355
[0/9015 1 0.2384 02317 0.5241 0.3634 0.3616 0.0826
2 0.9252 0.9252 1.4406 1.1709 1.1692 0.5166
3 2.0835 2.0766 2.8135 2.4336 24319 1.4433
AL/R =500,k = 5/6, G13 = G3 = 319.0 kg/mm?, ¢ = 1 mm.
(0/90/0) [0/90/0/90}
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Fig.1la Variation of the first natural frequency with the axial compres-

sion load, symmetric layup [0/90/0 deg].
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00§ ~ 4
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0.8 1
2
(wlug )7

Fig.1b Variation of the first natural frequency with the axial compres-

sion load, nonsymmetric layup [0/90 deg].

as the exact element method was proved to yield exact results (see
Refs. 4 and 5). The conclusions drawn for the buckling behavior
hold true also for the natural frequencies of laminated composite
beams and are summarized as follows.

1) There is no influence of the in-plane boundary conditions for
symmetric layup, but for nonsymmietric ones, restraining the lon-
gitudinal movement would increase the natural frequencies of the
beam.

2) Increasing the number of layers, while keeping the height of
the beam constant, would increase the natural frequencies, both for
symmetric and nonsymmetric layups.

3) Comparing symmetric with a nonsymmetric layup for a given
beam height and boundary conditions (0/90/90/0 deg vs [0/90], deg)
shows a greater stiffness for the symmetric configuration, yielding
higher natural frequencies.

4) Finally, stiffening the boundary conditions would increase the
values of the natural frequencies.

Fig.1c Variation of the first natural frequency with the axial compres-
sion load, nonsymmetric layup [0/90 deg],.

{0/90/0/50/0/90)
035 : : . ;
2 03k PP
‘ H-H -
g o025t C-C o ]
- 02 F :
%015k -
T olf -
Zoo0sE -
0 L ( ]
0 02 04 06 08 1
(w/my_o)z

Fig.1d Variation of the first natural frequency with the axial compres-
sion load, nonsymmetric layup [0/90 deg]s.

Comparison of the three materials shows that the natural fre-
quencies of carbon-epoxy are the highest, followed by those of
glass—epoxy and Kevlar-epoxy (and vice-versa) (see Tables 4-6).
Note that the second frequency (mode 2) (Tables 4-6) of a non-
symmetric laminated beam with nominal simply supported bound-
ary conditions is not influenced by the axial restraint, yielding equal
values for both pinned-pinned and hinged-hinged boundaries. This
is due to the antisymmetric nature of the second mode that causes
the superimposed axial mode to vanish.

Next, due to the similar behavior of the buckling loads and
the first natural frequencies, interaction curves, buckling load vs
the square of the first natural frequency, were calculated (see
Figs. 1a-1d,2aand 2b, and 3a and 3b) and some typical examples are
presented. '

Figures 1a—1d present the variation of first natural frequency
squared with the axial compression load (Kevlar—epoxy) for vari-
ous layups and boundary conditions. As already stated, the strongest
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ric layup [0/90 degl;: K-e = Kevlar-epoxy, G-e = glass—epoxy, C-e =
carbon-epoxy.

(0/90/90/0]

1.4 T v : T

K-e —
o 1.2 F G-e -z 1
x. C-g i
g 1r ]
S
(=]
[l
0.8 F 7
‘!U
% 0.6 h
=
o
e
<
w

0 0.2 0.4 0.6 0.8 1
(w/wP=0)2

Fig. 2b Variation of the first natural frequency  with the axial
compression load, clamped—clamped boundary conditions, symmetric
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carbon—epoxy. .
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Fig. 3a  Variation of the first natural frequency with the axial com-
pression load, pinned-pinned boundary conditions, nonsymmetric
‘layup [0/90 degly: K-e = Kevlar-epoxy, G-¢ = glass—epoxy, C-¢ =
carbon—epoxy.

influence of the in-plane boundary conditions is for the (0/90 deg)
configuration (Fig. 1a).

Figures 2a and 2b present the variation of the first natural fre-
quency squared with the axial compression for clamped—clamped
boundary conditions, whereas Figs. 3a and 3b present the same for
pinned—pinned boundary conditions for various layups and mate-
rials. Note that the inclinations of Kevlar-epoxy and glass-epoxy
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Fig. 3b Variation of the first natural frequency ‘with the axial
compression load, pinned-pinned boundary conditions, symmetric
layup [0/90/90/0 deg): K-e = Kevlar-epoxy, G-e = glass—epoxy, C-¢ =
carbon-epoxy.

curves are almost the same for a symmetric layup with a notice-
able change for a nonsymmetric one. This is true for both kinds of
boundary conditions.

Conclusions

The buckling behavior and natural frequencies of cross-ply com-
posite laminates having nonsymmetric and symmetric layups have
been studied using a first-order shear deformation theory. The ex-
act element method was successfully applied to calculate buckling
loads and natural frequencies. A parametric study was performed
to investigate the influence of boundary conditions, materials, num-
ber of layers, and layup sequences on the buckling loads, natural
frequencies, and the influence of axial compression loads on the
natural frequencies of rectangular, cross-ply laminated composite
beams.
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